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Improved Element-Free Galerkin Method for 
Electromagnetic NDE Model 

 
Xin Liu 1, Yiming Deng 1, Zhiwei Zeng 1, Lalita Udpa 1, 

Jeremy S. Knopp 2 

 
1 Department of Electrical and Computer Engineering 

Michigan State University, East Lansing, MI 48823, USA 
2 US Air Force Research Laboratory (AFRL/MLLP) 

Wright-Patterson AFB, OH 45433 

 

Abstract. This paper presents an improvement of the new Element-Free Galerkin method 
(EFG) in NDE application. By using the higher order orthogonal basis function instead of the 
conventional polynomial basis, the ill-condition and inversion of the shape function are 
eliminated. Therefore, the accuracy of the results is improved. The preliminary 
one-dimensional (1-D) and two-dimensional (2-D) examples are presented to demonstrate the 
accuracy and efficiency of the improvement. 

Keywords. NDE, meshless method, EFG method, orthogonal basis  
 

Introduction 

Nondestructive Evaluation (NDE) methods are widely used in industry to control and 
maintain product qualities. The availability of a numerical model is extremely important to 
visualize the field-flaw interaction in NDE. Recently, meshless methods, known as a new 
numerical approach, have been developed to eliminate the disadvantage of the conventional 
Finite Element Method (FEM). Without the reliance of a mesh, meshless methods can be 
implemented to model complex geometries, such as tight crack and dynamic corrosions. 

Element-Free Galerkin method (EFG) is one of meshless methods by utilizing moving least 
square (MLS) approximation and Galerkin formulation. The MLS relies on the following three 
components: a weight function, a basis function, and a set of position-dependent coefficients.  

We discovered that the shape function is ill-conditioned when using high order polynomial 
basis. This will prevent the implementation of high order polynomial basis for higher accuracy. 
To solve this problem, an improved formulation of the EFG method using orthogonal basis 
function is proposed in this paper. The condition of the shape function is improved compared 
with the polynomial basis and the convergence of the iteration solver is faster and the accuracy 
of the solution is increased.  

 
1. Formulations 

In the EFG method, a set of nodes are used to construct the discrete system of equations 
approximating the solution. And a set of quadrature points are defined to compute the integrals 
over the solution domain in Galerkin procedure. 

The MLS approximation can be written as  
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where PxWPxB )()( T=  , )()( xWPxC T= , W is the weight function, P is the basis function and 

m is the order of the basis function.     
The choice of basis function is essential for the stability of the numerical results because 

there is an inversion of matrix B. The ordinary polynomial basis function is straight for 
implementation but results in an ill-condition for high-order, which makes the solution not 
convergent. 

However, an orthogonal basis can be used to solve this problem. The definition and 
formulations of the orthogonal basis are shown below: 
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Therefore, its shape matrix becomes 
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The recursive relationship of orthogonal basis is given by, 
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where .,...,2,1 mk =  The parameters α, β are obtained as, 
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where .1,...,1,0 −= mk  Substituting (4)-(6) into (2), the shape functions are then expressed as,  
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The partial differential form of the shape function is 
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And the partial differential of inner product form is  
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These equations (3)-(9) indicate that the shape functions in EFG method avoid the 
inversion of shape function matrix when orthogonal basis is used. This method makes the 
implementation of EFG method easier, also increases the accuracy of the solution by 
improving order of the orthogonal basis.  

 

2. Implementation 
2.1 One-Dimensional Electrostatic Problem 

A 1-D electrostatic Poisson problem for the potential function u is described as follows:  
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EFG method is implemented with polynomial basis and orthogonal basis of various orders 

for comparison. The exact solution is 3

6
1

2
1)( xxx −=u  for comparison with the numerical 

solutions.  

Fig. 1 shows the exact solution and the numerical solution using EFG method with 1st and 
2nd order polynomial basis. We discovered that, although the solution with 2nd order 
polynomial basis convergences, it starts to show unstable.  
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Figure 1. The comparison of exact and EFG solution with 1st, 2nd order polynomial basis. 

 
Fig. 2 shows the exact solution as well as the solution using EFG method with 3rd order 

polynomial basis. The numerical solution is no longer convergent because of the 
ill-conditioned shape function.  

 

 
Figure 2. The comparison of exact and EFG solution with 3rd order polynomial basis. 

 
In Fig. 3, the numerical solution using EFG method with orthogonal basis function is 

presented. The order of the basis function varies from 1st to 4th; the numerical solutions are 
stable and keep convergent, which validate the formulation of the orthogonal basis function.   

 
Figure 3. The comparison of exact solution with various order orthogonal basis. 
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2.2 Two-Dimensional Eddy Current Problem 
 
The 2-D eddy current modeling geometry is shown in Fig. 4. Assume an infinite-size 2-D 

conducting plate with a tiny crack along y  direction (length = 1) is placed under a 

time-varying harmonic current source in the x  direction.  

 

Figure 4. Modeling geometry for 2-D problem.  
 

The induced current will be along x−  direction in the absence of crack, and will be 
bended by its presence. This geometry is a typical 2-D eddy current problem and the plot of 
the induced eddy current is shown below.  

Fig. 5 (a) shows the induced eddy current using EFG method by the 1st order polynomial 
basis function with the existence of the crack and (b) shows the image using EFG method by 
the 2nd order polynomial basis function. Due to the complexity of the problem, the solution 
with the 2nd order polynomial basis function is no longer convergent. And there is no need to 
consider much higher-order basis function.  

  

Figure 5. Induced eddy current plot using EFG method by polynomial basis function (a) 1st 
order (b) 2nd order. 
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Fig. 6 (a) shows the current plot using EFG method by 2nd order orthogonal basis and (b) 
shows the difference compared with Fig. 5 (a). It is very clear that the 2nd order orthogonal 
basis function still converges and only minor difference is observed compared with the 1st 
order polynomial basis function.  

  
Figure 6. Induced eddy current plot using EFG method by orthogonal basis function (a) 2nd 

order (b) comparison with Fig. 5 (a). 
 

When using orthogonal basis function, there is no need to perform the LU decomposition 
because of the avoidance of the shape function inversion. Fig. 7 shows the relative iteration 
error during convergence for 1st order polynomial basis and 2nd order orthogonal basis. We 
can conclude that the usage of the orthogonal basis function will result in a faster 
convergence.  

 
Figure 7. the iteration error versus iteration number for polynomial basis and orthogonal basis. 
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3. Conclusion 
 

Conclusion: from the comparison of the simulation results in 1-D and 2-D electromagnetics 
problems, the improved formulation of the EFG method is validated. The implementation of 
orthogonal basis function will avoid the inversion of shape function matrix and increase the 
stability of the system. It provides an opportunity for the application of higher-order basis, 
which will increase the solution accuracy consequently. The above 1-D and 2-D examples 
have already shown this advantage and the 3-D problem will potentially be simulated.  



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket true
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Impact
    /LucidaConsole
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


